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DIVISION ALGEBRAS WITH THE SAME MAXIMAL SUBFIELDS
VLADIMIR I. CHERNOUSOV, ANDREI S. RAPINCHUK, AND IGOR A. RAPINCHUK
Abstract. We give a survey of recent results related to the problem of characterizing finite-dimensional
division algebras by the set of isomorphism classes of their maximal subfields. We also discuss various
generalizations of this problem and some of its applications. In the last section, we extend the problem
to the context of absolutely almost simple algebraic groups.
To V.P. Platonov on the occasion of his 75th birthday
1. Introduction
Our goal in this paper is to give an overview of some recent work on the problem of characterizing
a division algebra in terms of its maximal subfields (and, more generally, a simple algebraic group in
terms of its maximal tori). Our main focus will be on the following question, as well as some of its
variations that will be introduced later on:
(†) What can one say about two finite-dimensional central division algebras D1 and D2 over a
field K given that D1 and D2 have the same (isomorphism classes of) maximal subfields?
To be precise, the condition on D1 and D2 means that they have the same degree n over K (i.e.
dimK D1 = dimK D2 = n
2), and a degree n field extension P/K admits a K-embedding P →֒ D1 if
and only if it admits a K-embedding P →֒ D2.
Let us recall that for a central simple algebra A of degree n over K, a field extension F/K is called
a splitting field of A if A⊗K F ≃Mn(F ) as F -algebras. Furthermore, if A is a division algebra, then
the splitting fields of degree n over K are precisely the maximal subfields of A (see, e.g., [15, Theorem
4.4]). Since splitting fields and/or maximal subfields of a division K-algebra D (or, more generally,
any finite-dimensional central simple algebra) are at the heart of the analysis of its structure, one is
naturally led to ask to what extent these fields actually determine D. In the case that one considers
all splitting fields, this question was answered in 1955 by Amitsur [2] with the following result:
If A1 and A2 are finite-dimensional central simple algebras over a field K that have the same splitting
fields (i.e. a field extension F/K splits A1 if and only if it splits A2), then the classes [A1] and [A2]
in the Brauer group Br(K) generate the same subgroup: 〈[A1]〉 = 〈[A2]〉.
The proof of this theorem (cf. [2], [21, Ch. 5]) uses so-called generic splitting fields, which have infinite
degree over K. However, the situation changes dramatically if one allows only finite-dimensional
splitting fields, as seen in the following example with cubic division algebras over Q.
We first recall the Albet-Brauer-Hasse-Noether Theorem, according to which, for a global field K,
there is an exact sequence
(ABHN) 0→ Br(K)→
⊕
v∈V K
Br(Kv)
∑
invv−→ Q/Z→ 0,
where V K is the set of all places of K, Kv denotes the completion of K at v, and invv is the so-
called invariant map giving the isomorphism Br(Kv) ≃ Q/Z if v is a nonarchimedean place and
Br(Kv) ≃ Z/2Z if v is a real place (see, e.g., [1, Ch. VII, 9.6] and [34, §18.4] for number fields, [21,
§6.5] for function fields, and [42] for a historical perspective). Now fix an integer r > 2, and pick
r distinct rational primes p1, . . . , pr. Let ε = (ε1, . . . , εr) be any r-tuple with εi ∈ {±1} such that∑r
i=1 εi ≡ 0(mod 3). By (ABHN),there exists a cubic division algebra D(ε) over Q with the following
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local invariants (considered as elements of Q/Z):
invp D(ε) =
{ εi
3
, p = pi for i = 1, . . . , r;
0 , p /∈ {p1, . . . , pr} (including p =∞)
Then for any two r-tuples ε′ 6= ε′′ as above, the algebras D(ε′) and D(ε′′) have the same finite-
dimensional splitting fields, hence the same maximal subfields (cf. [34, 18.4, Corollary b]), but are
not isomorphic. Obviously, the number of such r-tuples ε grows with r, so this method enables one
to construct an arbitrarily large (but finite) number of pairwise nonisomorphic cubic division algebras
over Q having the same maximal subfields (at the same time, the cyclic subgroup 〈[D(ε)]〉 has order
3).
A similar construction can be carried out for division algebras of any degree d > 2. On the other
hand, it follows from (ABHN) that a central quaternion division algebra D over a number field is
determined up to isomorphism by its set of maximal subfields (see §3). Thus, restricting attention
to finite-dimensional splitting fields (in particular, maximal subfields) makes the question (†) rather
delicate and interesting.
For the analysis of division algebras having the same maximal subfields, it is convenient to introduce
the following notion. Suppose D is a finite-dimensional central division algebra over a field K. We
define the genus of D as
gen(D) = { [D′] ∈ Br(K) | D′ division algebra having the same maximal subfields as D}.
Among the various questions that can be asked in relation to this definition, we will focus in this paper
on the following two:
Question 1. When does gen(D) reduce to a single element (i.e. when is D determined uniquely up
to isomorphism by its maximal subfields)?
Question 2. When is gen(D) finite?
We will present the available results on Questions 1 and 2 in §3 ; a general technique for approaching
such problems, which is based on the analysis of the ramification of division algebras, will be outlined
in §4. Next, in §5 we will briefly discuss several other useful notions of the genus, including the local
genus and the one-sided genus. Finally, in §6, we will give an overview of some ongoing work whose
aim is to extend the analysis of division algebras with the same maximal subfields to the context of
algebraic groups with the same (isomorphism or isogeny classes of) maximal tori.
Notation. Given a fieldK equipped with a discrete valuation v, we let Kv denote the completion of K
with respect to v, Ov ⊂ Kv the valuation ring, and Kv the corresponding residue field. Furthermore,
if K is a number field, V K will denote the set of all places of K and V K∞ the subset of archimedean
places. Finally, for a field K of characteristic 6= 2 and any pair of nonzero elements a, b ∈ K×, we
will let D =
(
a, b
K
)
be the associated quaternion algebra, i.e. the 4-dimensional K-algebra with basis
1, i, j, k and multiplication determined by
i2 = a, j2 = b, ij = k = −ji.
2. Motivations
In this section, we will describe two sources of motivation that naturally lead one to consider
questions in the spirit of (†). The first exhibits a connection with the theory of quadratic forms, while
the second (which for us was actually was the deciding factor) stems from problems in differential
geometry.
Let K be a field of char 6= 2. To a quaternion algebra D =
(
a, b
K
)
, we associate the quadratic form
q(x, y, z) = ax2 + by2 − abz2.
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Notice that, up to sign, this is simply the form that gives the reduced norm of a pure quaternion, from
which it follows that for any d ∈ K× \K×2, the quadratic extension K(√d)/K embeds into D if and
only if d is represented by q (see [21, Remark 1.1.4]).
Now suppose that we have two quaternion division algebrasD1 andD2 with corresponding quadratic
forms q1 and q2. Then these algebras have the same maximal subfields if and only if q1 and q2 represent
the same elements over K. On the other hand, it is well-known that D1 and D2 are K-isomorphic if
and only if q1 and q2 are equivalent over K (cf. [34, §1.7, Proposition]) . Thus, (†) leads us to the
following natural question about quadratic forms:
Suppose q1 and q2 are ternary forms of det = −1 that represent the same elements over K. Are q1
and q2 necessarily equivalent over K?
Of course, the answer is no for general quadratic forms, but, as the results described in §3 show, it
may be yes for these special forms in certain situations.
Let us now turn to the geometric questions dealing with length-commensurable locally symmetric
spaces that initially led to our interest in (†). The general philosophy in the study of Riemannian
manifolds is that the isometry or commensurability class of a manifoldM should to a significant extent
be determined by its length spectrum L(M) (i.e., the collection of the lengths of all closed geodesics).
To put this into perspective, in the simplest case, if M1 and M2 are 2-dimensional Euclidean spheres,
then the closed geodesics are the great circles, and clearly these have the same lengths if and only
if M1 and M2 are isometric. Furthermore, using the trace formula, one can relate this general idea
to the problem of when two isospectral Riemannian manifolds (i.e. those for which the spectra of
the Laplace-Beltrami operators coincide) are isometric; informally, this is most famously expressed by
Mark Kac’s [24] question “Can one hear the shape of a drum?”
To make things more concrete, and, at the same time, highlight the connections with (†), let us now
consider what happens for Riemann surfaces of genus > 1 (we refer the reader to [36] for a detailed
discussion of these questions for general locally symmetric spaces). Let H = {x+ iy ∈ C |y > 0} be the
upper half-plane with the standard hyperbolic metric ds2 = y−2(dx2 + dy2), and equipped with the
usual isometric action of SL2(R) by fractional linear transformations. Let π : SL2(R) → PSL2(R) be
the canonical projection. Recall that any compact Riemann surfaceM of genus > 1 can be written as a
quotient H/Γ, where Γ ⊂ SL2(R) is a discrete subgroup containing {±1} with torsion-free image π(Γ)
(cf., e.g., [17, Theorem 27.12]). It is well-known that closed geodesics in M correspond to nontrivial
semisimple elements γ ∈ Γ. Furthermore, since π(Γ) is discrete and torsion-free, any semisimple
element γ ∈ Γ, with γ 6= ±1, is automatically hyperbolic, hence ±γ is conjugate to a matrix of the
form (
tγ 0
0 t−1γ
)
,
with tγ a real number > 1. The length of the corresponding closed geodesic cγ in M is then computed
by the formula
(1) ℓ(cγ) =
2
nγ
· | log |tγ ||,
where nγ is a certain integer (in fact, a winding number — see [36, §8] for further details). Notice that
(1) implies that
Q · L(M) = Q · {log |tγ |
∣∣ γ ∈ Γ \ {±1}, semi-simple}
(the set Q · L(M) is sometimes called the rational weak length spectrum of M). In order to analyze
this geometric set-up using algebraic and number-theoretic techniques, one considers the algebra
D = Q[Γ(2)] ⊂M2(R),
where Γ(2) ⊂ Γ is the subgroup generated by squares. It turns out that D is a quaternion algebra
whose center is the trace field K of Γ, i.e. the subfield generated over Q by the traces Tr(γ) for all
γ ∈ Γ(2). Moreover, a noncentral semi-simple element γ ∈ Γ(2) gives rise to a maximal commutative
e´tale subalgebra K[γ] (see [31, §3.2]). We should point out that this algebra D is an important
invariant of the group Γ; in particular, if Γ is an arithmetic group, then D is precisely the algebra
involved in its description.
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Now let M1 = H/Γ1 and M2 = H/Γ2 be two (compact) Riemann surfaces, with corresponding
quaternion algebras Di = Q[Γ
(2)
i ] and trace fields Ki = Z(Di), for i = 1, 2. Assume that M1 and M2
are length-commensurable (L-C), i.e.
Q · L(M1) = Q · L(M2).
One then shows that K1 = K2 =: K (see [36, Theorem 2]).
1 Furthermore, it follows from (1) that for
any nontrivial semi-simple element γ1 ∈ Γ(2)1 , there exists a nontrivial semi-simple element γ2 ∈ Γ(2)2
such that
tmγ1 = t
n
γ2
for some integers m,n ≥ 1. Consequently, γm1 and γn2 ∈ M2(R) are conjugate, and hence we have an
isomorphism of the corresponding e´tale algebras
K[γ1] = K[γ
m
1 ] ≃ K[γn2 ] = K[γ2].
Thus, the geometric condition (L-C) translates into the algebraic condition that D1 and D2 have the
same isomorphism classes of maximal e´tale subalgebras intersecting Γ
(2)
1 and Γ
(2)
2 , respectively.
On the other hand, what one actually wants to prove is that (L-C) implies that M1 and M2 are
in fact commensurable (i.e. have a common finite-sheeted cover, or, equivalently, up to conjugation,
the subgroups Γ1 and Γ2 are commensurable in GL2(R)). If that is the case, then we necessarily
have D1 ≃ D2 (see [31, Corollary 3.3.5]). So, our problem concerning Riemann surfaces leads to the
following question about quaternion algebras:
Let D1 and D2 be two quaternion algebras over the same field K, and let Γi ⊂ SL(1,Di), for
i = 1, 2, be Zariski-dense subgroups with trace field K. Assume that D1 and D2 have the same
isomorphism classes of maximal e´tale subalgebras that intersect Γ1 and Γ2, respectively. Are D1
and D2 isomorphic?
This is a more refined version of our original question (†). If K is a number field, then, as we have
already mentioned, two quaternion division algebras with the same maximal subfields are isomorphic
(see §3 for further details). This fact was used by A. Reid [41] to show that any two arithmetically
defined iso-length spectral Riemann surfaces (i.e. M1 and M2 such that L(M1) = L(M2)) are com-
mensurable. The general case is likely to depend on the resolution of questions like the one formulated
above.
We would like to conclude our discussion with the following two remarks. First, it should be pointed
out that if Γ is non-arithmetic, then it is not uniquely determined by the corresponding quaternion
algebra (in fact, there may be infinitely many non-commensurable cocompact lattices having the same
associated quaternion algebra, cf. [48]), so an affirmative answer to our question about algebras will not
immediately yield consequences for Riemann surfaces. Second, along with the precise (quantitative)
version of the question formulated above, one can consider a qualitative version, viz. whether we
always have finitely many isomorphism classes of division algebras having the same maximal subfields.
Let us note that some finiteness results are available even for non-arithmetic Riemann surfaces. For
example, it is known that every class of isospectral compact Riemann surfaces consists of finitely
many isometry classes; we recall that according to a well-known conjecture, every class of isospectral
surfaces is expected to consist of a single commensurability class.
3. The genus of a division algebra
In this section, we will give an overview of the available results on Questions 1 and 2 about the
genus of a division algebra that were formulated in §1.
We begin with a couple of remarks pertaining to Question 1. First, let us point out that |gen(D)| = 1
is possible only if the class [D] has exponent 2 in the Brauer group. Indeed, the opposite algebra Dop
has the same maximal subfields as D. So, unless D ≃ Dop (which is equivalent to [D] having exponent
2), we have |gen(D)| > 1. At the same time, as the example of cubic algebras over number fields
discussed in §1 shows, the genus may very well be larger than {[D], [Dop]}. Another example of this
1The equality of trace fields is actually proved by studying the relation of weak commensurability between Γ1 and Γ2,
which one can then relate to the length commensurability of the corresponding Riemann surfaces.
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phenomenon can be constructed as follows. Suppose ∆1 and ∆2 are central division algebras over a
field K of relatively prime odd degrees, and consider the division algebras
D1 = ∆1 ⊗K ∆2 and D2 = ∆1 ⊗K ∆op2 .
Then D2 is not isomorphic to either D1 or D
op
1 , but D1 and D2 have the same splitting fields. Indeed,
since the degrees of ∆1 and ∆2 are relatively prime, an extension splits D1 if and only if it splits
∆1 and ∆2; then it also splits ∆
op
2 , hence D2 (and vice versa). Thus, D1 and D2 have the same
maximal subfields, and therefore [D2] ∈ gen(D1). Note that this example is in fact a consequence of
the following general fact: if D is a central division algebra of degree n over a field K, then for any
integer m relatively prime to n, the class [D⊗m] = m[D] ∈ Br(K) is represented by a central division
algebra Dm of degree n which has the same maximal subfields as D (see [40, Lemma 3.6]).
As we have already indicated, the theorem of Albert-Brauer-Hasse-Noether (ABHN) enables one
to give complete answers to Questions 1 and 2 in the case that K is a number field. The precise
statement is as follows.
Proposition 3.1. Suppose K is a number field and let D be a finite-dimensional central division
algebra over K.
(a) If [D] ∈ Br(K) has exponent 2 (in which case D is a quaternion algebra), then |gen(D)| = 1.
(b) The genus gen(D) is finite for all D.
Recall that according to (ABHN), we have an injective homomorphism
0→ Br(K)→
⊕
v∈V K
Br(Kv),
where for each v ∈ V K ,
Br(K)→ Br(Kv), [D] 7→ [D ⊗K Kv]
is the natural map. We say that a finite-dimensional central division algebra D over a number field
K (or its class [D] ∈ Br(K)) is unramified at v ∈ V K if its image in Br(Kv) is trivial, and ramified
otherwise (note that this definition is consistent with the notion of ramification over general fields —
see §4, and particularly Example 4.1 below). The (finite) set of places where D is ramified will be
denoted by R(D).
Sketch of proof of Proposition 3.1. (a) First, we note that a division algebra D over K of exponent 2
is necessarily a quaternion algebra due to the equality of the exponent and index over number fields,
which follows from the Grunwald-Wang Theorem (see, e.g., [33, Ch. VIII, §2]). Next, we consider the
2-torsion part of (ABHN):
0→ 2Br(K)→
⊕
v∈V K
2Br(Kv).
Since 2Br(Kv) is either Z/2Z or 0 for all v ∈ V K , we see that an algebra D of exponent 2 over K is
determined uniquely up to isomorphism by its set of ramification places R(D). Consequently, to prove
that |gen(D)| = 1, it suffices to show that if D1 and D2 are two quaternion division algebras having
the same maximal subfields, then R(D1) = R(D2). This easily follows from weak approximation,
together with the well-known criterion that for d ∈ K× \K×2,
(2) L = K(
√
d) embeds into D ⇔ d /∈ K×v 2 for all v ∈ R(D).
(cf. [34, §18.4, Corollary b]). Indeed, suppose there exists v0 ∈ R(D1) \ R(D2). Then, using the
openness of K×v
2 ⊂ K×v and weak approximation, one can find d ∈ K× \K×2 such that
d ∈ K×v0
2
but d /∈ K×v 2 for all v ∈ R(D2).
Then according to (2), the quadratic extension L = K(
√
d) embeds into D2 but not into D1, a
contradiction.
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(b) Let D be a division algebra over K of degree n > 2. We now consider the n-torsion part of
(ABHN):
0→ nBr(K)→
⊕
v∈V K
nBr(Kv).
To establish the finiteness of gen(D), one first observes that if D′ ∈ gen(D), then R(D′) = R(D) (cf.
[34, §18.4, Corollary b]; in fact this is true not just over number fields — see Lemma 4.2 below). Since
nBr(Kv) is Z/nZ, Z/2Z or 0 for all v ∈ V K (see Example 4.1(a) below), it follows that
(3) |gen(D)| ≤ ∣∣ ⊕
v∈R(D)
nBr(Kv)
∣∣ ≤ nr,
where r = |R(D)|. 
For a concrete illustration of the argument presented above in the proof of (a), let us consider the
following
Example 3.2. Let
D1 =
(−1, 3
Q
)
and D2 =
(−1, 7
Q
)
.
One can check that R(D1) = {2, 3} and R(D2) = {2, 7}, so D1 and D2 are nonisomorphic quaternion
division algebras over Q. Clearly, 10 ∈ Q×3 2 while 10 /∈ Q×2 2,Q×7 2. Thus, according to (2), the field
L = Q(
√
10) embeds into D2 but not into D1. In other words, D1 and D2 are distinguished by their
quadratic subfields. We would like to point out that the recent preprint [30] gives an effective way of
producing, for two distinct quaternion algebras over an arbitrary number field, a quadratic field that
distinguishes them by putting an explicit bound on its discriminant (loc. cit., Theorem 1.3).
It is now natural to ask whether (and to what extent) these results for the genus carry over to
general fields. Namely, can we expect the genus to be trivial for a quaternion division algebra, and
finite for any finite-dimensional division algebra, over an arbitrary field K? It turns out that the
answer is no in both cases. Several people, including Rost, Schacher, Wadsworth, etc., have given a
construction of quaternion algebras with nontrivial genus over certain very large fields. We refer the
reader to [20, §2] for the full details, and only sketch the main ideas here.
Let D1 and D2 be two nonisomorphic quaternion division algebras D1 and D2 over a field k of
characteristic 6= 2 that have a common quadratic subfield (e.g., one can take k = Q and the quaternion
algebras D1 and D2 considered in Example 3.2 above). If D1 and D2 already have the same quadratic
subfields, we are done. Otherwise, there exists a quadratic extension k(
√
d) that embeds into D1 but
not into D2. Applying some general results on quadratic forms to the norm forms of D1 and D2,
one shows that there exists a field extension k(1) of k (which is the function field of an appropriate
quadric) such that
• D1 ⊗k k(1) and D2 ⊗k k(1) are non-isomorphic division algebras over k(1), but
• k(1)(√d) embeds into D2 ⊗k k(1).
One deals with other subfields one at a time by applying the same procedure to the algebras obtained
from D1 and D2 by extending scalars to the field extension constructed at the previous step. This
process generates an ascending chain of fields
k(1) ⊂ k(2) ⊂ k(3) ⊂ · · · ,
and we let K be the union (direct limit) of this chain. Then D1⊗kK and D2⊗kK are non-isomorphic
quaternion division K-algebras having the same quadratic subfields; in particular |gen(D1⊗kK)| > 1.
Note that the resulting field K has infinite transcendence degree over k, and, in particular, is infinitely
generated. Furthermore, a modification of the above construction (cf. [32]) enables one to start with
an infinite sequence D1,D2,D3, . . . of quaternion division algebras over a field k of characteristic 6= 2
that are pairwise non-isomorphic but share a common quadratic subfield (e.g., one can take k = Q
and consider the family of algebras of the form
(−1, p
Q
)
where p is a prime ≡ 3(mod 4)), and then
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build an infinitely generated field extension K/k such that the algebras Di⊗kK become pairwise non-
isomorphic quaternion division algebras with any two of them having the same quadratic subfields. In
particular, this yields an example of quaternion division algebras with infinite genus. More recently,
a similar approach was used in [47] to show that for any prime p, there exists a field K and a central
division algebra D over K of degree p such that gen(D) is infinite.
Thus, we see that while Questions 1 and 2 can be answered completely and in the affirmative over
number fields, and more generally, over global fields, these questions become nontrivial over arbitrary
fields. In fact, until quite recently, very little was known about the situation over fields other than
global. As we mentioned in §2, the triviality of the genus for quaternion division algebras D over
number fields has consequences for arithmetically defined Riemann surfaces. In connection with their
work on length-commensurable locally symmetric spaces in [36], G. Prasad and the second-named
author asked whether |gen(D)| = 1 for any central quaternion division algebra D over K = Q(x).2
This question was answered in the affirmative by D. Saltman, and later, in joint work with S. Garibaldi,
it was shown that any quaternion division algebra over k(x), where k is an arbitrary number field,
has trivial genus (in fact, they considered more generally so-called transparent fields of characteristic
6= 2 — see [20]). Motivated by this result, we showed in [40] that for a given field k of characteristic
6= 2, the triviality of the genus for quaternion division algebras over k is a property that is stable
under purely transcendental extensions. Subsequently, we established a similar Stability Theorem for
algebras of exponent 2. The precise statements are given in the following.
Theorem 3.3. (see [40, Theorem A] and [5, Theorem 3.5]) Let k be a field of characteristic 6= 2.
(a) If |gen(D)| = 1 for any quaternion division algebra D over k, then |gen(D′)| = 1 for any
quaternion division algebra D′ over the field of rational functions k(x).
(b) If |gen(D)| = 1 for any central division k-algebra D of exponent 2, then the same property holds
for any central division algebra of exponent 2 over k(x).
As an immediate consequence, we have
Corollary 3.4. If k is either a number field or a finite field of char 6= 2, and K = k(x1, . . . , xr) is
a purely transcendental extension, then for any central division K-algebra D of exponent 2, we have
|gen(D)| = 1.
Remark 3.5. In [26], the Stability Theorem has been generalized to function fields of Severi-Brauer
varieties of algebras of odd degree.
Let us now turn to Question 2. As the above discussion shows, one cannot hope to have a finiteness
result for the genus over completely arbitrary fields. Nevertheless, we have obtained the following
finiteness statement over finitely-generated fields.
Theorem 3.6. ([4], Theorem 3) Let K be a finitely generated field. If D is a central division K-algebra
of exponent prime to charK, then gen(D) is finite.
Remark 3.7. (a) It is still an open question whether there exist quaternion division algebras over
finitely generated fields with nontrivial genus.
(b) In [27], D. Krashen and K. McKinnie have studied division algebras having the same finite-
dimensional splitting fields (see §5 below for the associated notion of the genus).
4. Ramification of division algebras
In this section, we will describe some of the ideas involved in the proofs of Theorems 3.3 and 3.6.
In broad terms, the arguments rely on many of the same general considerations that were already
encountered in our discussion of the genus over number fields. More precisely, even though there is
2Such questions have certainly been around informally for quite some time, at least since the work of Amitsur [2]
mentioned in §1, but to the best of our knowledge, this was the first “official” formulation of a question along these lines,
though the terminology of the genus was introduced later.
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no direct counterpart of (ABHN) for arbitrary (finitely generated) fields, the analysis of ramification
of division algebras nevertheless again plays a key role.
We begin by recalling the standard set-up that is used in the analysis of ramification of division
algebras. Let K be a field equipped with a discrete valuation v, denote by G(v) = Gal(Ksepv /Kv) the
absolute Galois group of the residue field Kv of Kv, and fix an integer n > 1. If either n is prime to
char Kv or Kv is perfect, there exists a residue map
(4) rv : nBr(Kv)→ Hom(G(v),Z/nZ),
where the group on the right is the group of continuous characters mod n of G(v) (see [43, §10]).
Furthermore, it is known that rv is surjective. A division algebra D over Kv of exponent n (or its
corresponding class [D] ∈ nBr(Kv)) is said to be unramified if rv([D]) = 0, and the unramified Brauer
group at v is defined as
nBr(Kv){v} = ker rv.
Thus, by construction, we have an exact sequence
(5) 0→ nBr(Kv){v} → nBr(Kv) rv−→ Hom(G(v),Z/nZ)→ 0.
It can be shown that there is an isomorphism nBr(Kv){v} ≃ nBr(Kv), and moreover, the latter group
is naturally identified with nBr(Ov), where Ov is the valuation ring of Kv (see [51, Theorem 3.2] and
the subsequent discussion). In other words, the algebras that are unramified at v are precisely the
ones that arise from Azumaya algebras over Ov .
Next, composing the map in (4) with the natural homomorphism nBr(K)→ nBr(Kv), we obtain a
residue map
(6) ρv : nBr(K)→ Hom(G(v),Z/nZ),
and again one says that a division algebra D over K is unramified if ρv([D]) = 0. For fields other than
local, to get information about nBr(K), one typically uses not just one valuation of K, but rather a
suitable set of valuations. For this purpose, it is convenient to make the following definition. Fix an
integer n > 1 and suppose V is a set of discrete valuations of K such that the residue maps ρv exist
for all v ∈ V. We define the unramified (n-torsion) Brauer group with respect to V as
nBr(K)V =
⋂
v∈V
ker ρv.
Example 4.1. (a) Let p be a prime, K = Qp, and v = vp be the corresponding p-adic valuation. Then,
since Fp is perfect and Br(Fp) = {0}, it follows from (5) that for any n > 1, we have an isomorphism
nBr(Qp)
rv≃ Hom(Gal(F¯p/Fp),Z/nZ) = Homcont(Ẑ,Z/nZ) ≃ Z/nZ.
Taking the direct limit over all n, we obtain an isomorphism Br(Qp) ≃ Q/Z, which is precisely the
invariant map from local class field theory. This description of the Brauer group immediately extends
to any finite extension of Qp. An important point here is that only the trivial algebra is unramified
over such a field.
(b) Let K be a number field. It follows from part (a) that a finite-dimensional central division algebra
D over K is unramified at a nonarchimedean place v ∈ V K if and only if its image in Br(Kv) is trivial
(which is consistent with the definition that we used in §3). Combining this with (ABHN), we see that
if S ⊂ V K is a finite set containing V K∞ , then for V = V K \ S and any integer n > 1, the unramified
Brauer group
nBr(K)V
is finite.
(c) Let C be a smooth connected projective curve over a field k and K = k(C) be the function field of
C. For each closed point P ∈ C, we have a discrete valuation vP on K. The set of discrete valuations
V0 = {vP | P ∈ C a closed point}
is usually called the set of geometric places of K (notice that these are precisely the discrete valuations
of K that are trivial on k). If n > 1 is an integer that is relatively prime to char k, then for each
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vP ∈ V0, we have a residue map ρP = ρvP : nBr(K)→ H1(GP ,Z/nZ), where GP is the absolute Galois
group of the residue field at P . In this case, the corresponding unramified Brauer group nBr(K)V0 will
be denoted, following tradition, by nBr(K)ur. Furthermore, if k is a perfect field and C is geometrically
connected, then the above residue map ρP extends to a map Br(K) → H1(GP ,Q/Z) defined on the
entire Brauer group. We can then consider
Br(K)
⊕ρP−→
⊕
P∈C0
H1(GP ,Q/Z),
where C0 denotes the set of closed points of C. The kernel ker(⊕ρP ) =: Br(K)ur is known to coin-
cide with the Brauer group Br(C) defined either in terms of Azumaya algebras or in terms of e´tale
cohomology (see [21, §6.4] and [29]). Then the group nBr(K)ur is precisely the n-torsion of Br(C).
Returning to the general set-up, we would now like to mention a result that describes the ramification
behavior of division algebras lying in the same genus. Let K be a field equipped with a discrete
valuation v and n > 1 be an integer that is relatively prime to the characteristic of the residue field
Kv. We have the following.
Lemma 4.2. Let D and D′ be central division K-algebras such that
[D] ∈ nBr(K) and [D′] ∈ gen(D) ∩ nBr(K).
Let χv and χ
′
v ∈ Hom(G(v),Z/nZ) denote the images of [D] and [D′], respectively, under the residue
map ρv. Then
kerχv = kerχ
′
v.
In particular, D is unramified at v if and only if D′ is.
For the argument, let us recall that if K is a field that is complete with respect to a discrete valuation
v and D is a finite-dimensional central division algebra over K, then v extends uniquely to a discrete
valuation v˜ on D (see [45, Ch. XII, §2], [51]). Furthermore, the corresponding valuation ring OD
has a unique maximal 2-sided ideal PD (the valuation ideal), and the quotient D = OD/PD is a
finite-dimensional division (but not necessarily central) algebra, called the residue algebra, over the
residue field K.
Proof. (Sketch) Write
D ⊗K Kv =Mℓ(D) and D′ ⊗K Kv =Mℓ′(D′),
where D and D′ are central division algebras over Kv. First, one shows that ℓ = ℓ′ and D and D′
have the same maximal subfields ([40, Corollary 2.4]). Next, one verifies that the centers E and E ′ of
the residue algebras D and D′, respectively, coincide ([5, Lemma 2.3]). Finally, using the fact that
kerχv and kerχ
′
v are precisely the subgroups of G(v) corresponding to E and E ′, respectively (cf. [51,
Theorem 3.5]), we conclude that
kerχv = kerχ
′
v,
as needed. 
We are now in a position to outline the proof of part (a) of Theorem 3.3 (see the proof of Theorem A
in [40] for full details). Let k be a field of characteristic 6= 2 such that |gen(D)| = 1 for every quaternion
division algebra D over k. Viewing k(x) as the function field of P1k, we consider the following segment
of Faddeev’s Exact Sequence (see [21, Corollary 6.4.6]):
(7) 0→ 2Br(k)→ 2Br(k(x)) ⊕ρP−→
⊕
P∈(P1
k
)0
H1(GP ,Z/2Z).
Suppose now that D and D′ are quaternion division algebras over k(x) that have the same maximal
subfields. Then it follows from Lemma 4.2, together with the fact that [D] and [D′] have exponent 2
in Br(k(x)), that
ρP ([D]) = ρP ([D
′])
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for all P ∈ (P1k)0. Consequently, (7) yields that
[D] = [D′] · [∆⊗k k(x)]
for some central quaternion algebra ∆ over k (see [40, Corollary 4.2]). A specialization argument,
which relies on the assumption that quaternion division algebras over k have trivial genus, then shows
that [∆] = 0, and hence D ≃ D′. Consequently |gen(D)| = 1, as required.
Now we would like to indicate the main elements of the proof of Theorem 3.6, which is also based
on an analysis of ramification. Let K be a finitely generated field and fix an integer n > 1 relatively
prime to char K. We will need to consider sets V of discrete valuations of K satisfying the following
two properties:
(I) for any a ∈ K×, the set V (a) := {v ∈ V | v(a) 6= 0} is finite;
(II) for any v ∈ V , the characteristic of the residue field Kv is prime to n.
Note that (II) ensures the existence of a residue map
nBr(K)
ρv−→ Hom(G(v),Z/nZ)
for each v ∈ V . When considering the case of number fields in §3, we observed that the set of
ramification places is finite for any division algebra D, which, with the help of (ABHN), led to the
upper bound (3) on the size of gen(D). Over general fields, condition (I) again guarantees the finiteness
of the set
R(D) = R(D,V ) = {v ∈ V | ρv([D]) 6= 0}
of ramification places for any division algebra D of degree n over K (see [5, Proposition 2.1] for a
slightly more general statement). To obtain an analogue of (3), we argue as follows, using Lemma 4.2.
Suppose that D is a central division algebra over K of degree n and let [D′] ∈ gen(D). For v ∈ V , we
set
χv = ρv([D]) and χ
′
v = ρv([D
′]);
recall that by Lemma 4.2, we have kerχv = kerχ
′
v. Notice that if the character χv has order m|n,
then any character χ′v of G(v) with the same kernel can be viewed as a faithful character of the cyclic
group G(v)/ kerχv of order m. Consequently, there are ϕ(m) possibilities for χ′, and therefore
(8) |ρv(gen(D))| 6 ϕ(m) 6 ϕ(n)
for any v ∈ V (as m divides n), and
ρv(gen(D)) = {1}
if ρv([D]) = 1. Letting ρ = (ρv)v∈V be the direct sum of the residue maps for all v ∈ V , it follows that
(9) |ρ(gen(D))| ≤ ϕ(n)r,
where r = |R(D)|. Therefore, if ker ρ = nBr(K)V is finite, we obtain the estimate
(10) |gen(D)| ≤ ϕ(n)r · |nBr(K)V |.
Thus, the proof of Theorem 3.6 boils down to establishing the finiteness of the unramified Brauer
group with respect to an appropriate set of discrete valuations, which is the subject matter of the next
result.
Theorem 4.3. ([4], Theorem 8) Let K be a finitely generated field and n > 1 be an integer prime
to char K. Then there exists a set V of discrete valuations of K that satisfies conditions (I) and (II)
introduced above and for which nBr(K)V is finite.
Our proof of this theorem, which will be outlined below, relies on the analysis of the exact sequence
for the Brauer group of a curve. Subsequently, it was pointed out to us by J.-L. Colliot-The´le´ne that
the finiteness statement could also be derived from certain results in e´tale cohomology. More precisely,
in this argument, we present K as the field of rational functions on a smooth arithmetic scheme X,
with n invertible on X. Then one uses Deligne’s finiteness theorems for the e´tale cohomology of
constructible sheaves (Theorem 1.1 of the chapter “The´ore`mes de finitude” in [13]) to show that in
this case, the n-torsion of the e´tale Brauer group is finite. On the other hand, by Gabber’s purity
theorem (see [18] for an exposition of Gabber’s proof, and also [10, p. 153] and [9, discussion after
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Theorem 4.2] regarding the history of the question), the latter group coincides with the unramified
Brauer group of K with respect to the set V of discrete valuations of K associated with the prime
divisors on X (see [4] for more details). We will use the term divisorial to describe such a set of
valuations. Note that this argument allows quite a bit of flexibility in the choice of V : for example,
X can be replaced with an open subscheme, which allows us to delete from V any finite set. This
flexibility somewhat simplifies the proof of the finiteness of the genus. Indeed, for a given division
algebra D, we can choose V so that D is unramified at all places of V . Then we do not need the full
strength of Lemma 4.2, but only the fact that any [D′] ∈ gen(D) is also unramified at all v ∈ V (see
Theorem 6.7 below for an analogue of this for arbitrary algebraic groups). This immediately leads to
the conclusion that
|gen(D)| ≤ |nBr(K)V | <∞.
The main disadvantage here is that this argument does not give any explicit estimates on the size of
the genus.
On the other hand, our original proof of Theorem 4.3 does in principle allow one to obtain explicit
estimates on the size of gen(D) in certain cases. We will only sketch the main ideas here; further details
will be available in [6]. For simplicity, suppose that K is a finitely generated field of characteristic 0.
Then K can be realized as the function field k(C) of a smooth projective geometrically irreducible
curve C over a field k which is a purely transcendental extension of a number field P . Let V0 be
the set of geometric places of K. It is well-known (see, e.g., [29]) that the geometric Brauer group
Br(K)ur = Br(K)V0 fits into an exact sequence
(11) Br(k)
ιk−→ Br(k(C))ur ω−→ H1(k, J)/Φ(C, k),
where ιk is the natural map, J is the Jacobian of C, and Φ(C, k) is a certain finite cyclic subgroup of
H1(k, J) (in fact, if C(k) 6= ∅, then Φ(C, k) = 0 and (11) becomes a split exact sequence). We take our
required set V of discrete valuations of K to consist of V0, together with a set V1 of extensions to K
of an appropriate set of valuations of the field k (if k is a number field, then V1 consists of extensions
to K of almost all places of k). Then nBr(K)V ⊂ nBr(K)ur and the proof of Theorem 4.3 reduces to
verifying the finiteness of
ι−1k (nBr(K)V ) and ω(nBr(K)V ).
The proof of the finiteness of ι−1k (nBr(K)V ) relies on certain properties of our presentation of K as
k(C), together with Faddeev’s exact sequence (to relate the Brauer group of k to that of the number
field P ) and (ABHN). Our approach for proving the finiteness of ω(nBr(K)V ) is inspired by the proof of
the Weak Mordell-Weil theorem for elliptic curves and involves the analysis of unramified cohomology
classes. We should point out that this argument, although with some extra work, also allows one to
delete from the constructed set V any finite subset and still retain the finiteness of nBr(K)V .
To illustrate things in more concrete terms, we would like to conclude this section by sketching the
proof of Theorem 4.3 in the case that K is the function field of an elliptic curve over a number field
and n = 2 (see [5, §4]). The set-up that we will consider is as follows. Let k be a number field and E
be an elliptic curve over k given by a Weierstrass equation
(12) y2 = f(x), where f(x) = x3 + αx2 + βx+ γ.
Denote by δ 6= 0 the discriminant of f . We will assume that E has k-rational 2-torsion, i.e. f has
three (distinct) roots in k:
f(x) = (x− a)(x− b)(x− c).
Let
K := k(E) = k(x, y)
be the function field of E. Since E(k) 6= ∅ and E coincides with its Jacobian, the sequence (11) yields
the exact sequence
(13) 0→ 2Br(k)→ 2Br(K)ur ω−→ 2H1(k,E)→ 0.
In fact, this sequence is split, with a section to ω constructed as follows. The Kummer sequence
0→ E[2]→ E ×2−→ E → 0
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yields the exact sequence of cohomology
(14) 0→ E(k)/2E(k) → H1(k,E[2]) σ−→ 2H1(k,E)→ 0.
Since E[2] ≃ Z/2Z× Z/2Z as Galois modules, we have
H1(k,E[2]) ≃ k×/(k×)2 × k×/(k×)2,
and we define a map
ν : H1(k,E[2]) → 2Br(k(E))ur, (r, s) 7→
[(
r , x− b
K
)
⊗K
(
s , x− c
K
)]
.
One then checks that ω ◦ ν = σ and ν(kerσ) = 0, which yields the required section
ε : 2H
1(k,E)→ 2Br(k(E))ur.
This leads to the following description of the geometric Brauer group, which is in fact valid over any
field k of characteristic 6= 2, 3.
Theorem 4.4. ([3, Theorem 3.6]) Assume that the elliptic curve E given by (12) has k-rational
2-torsion, i.e.
f(x) = (x− a)(x− b)(x− c) with a, b, c ∈ k.
Then
2Br(K)ur = 2Br(k) ⊕ I,
where 2Br(k) is identified with a subgroup of 2Br(K) via the canonical map Br(k) → Br(K), and
I ⊂ 2Br(K)ur is a subgroup such that every element of I is represented by a bi-quaternion algebra of
the form (
r , x− b
K
)
⊗K
(
s , x− c
K
)
for some r, s ∈ k×.
As we mentioned above, the required set V will consist of the geometric places V0 together with a
set V1 of extensions of almost all places of k to K, which is obtained as follows. For s ∈ k×, we denote
by V k(s) the finite set {v ∈ V k \ V k∞ | v(s) 6= 0}. Fix a finite set of valuations S ⊂ V k containing
V k∞ ∪ V k(2) ∪ V k(δ), as well as all those nonarchimedean v ∈ V k for which at least one of α, β, γ has
a negative value. For a nonarchimedean v ∈ V k, let v˜ denote its extension to F := k(y) given by
(15) v˜(p(y)) = min
ai 6=0
v(ai) for p(y) = any
n + · · ·+ a0 ∈ k[y], p 6= 0.
Now K is a cubic extension of F , and one shows that for v ∈ V k \ S, the valuation v˜ has a unique
extension to K, which we will denote by w = w(v) (see [5, Lemma 4.5]). We set
V1 = {w(v) | v ∈ V k \ S}
and let
V = V0 ∪ V1.
Proposition 4.5. The unramified Brauer group 2Br(K)V is finite.
Proof. (Sketch) We consider separately the ramification behavior at places in V1 of the constant and
bi-quaternionic parts of elements of 2Br(K)ur in the decomposition given by Theorem 4.4. Let us
write [D] ∈ 2Br(K)V in the form
[D] = [∆⊗k K]⊗K
[(
r , x− b
K
)
⊗K
(
s , x− c
K
)]
,
where [∆] ∈ 2Br(k) is a quaternion algebra and r, s ∈ k×. By using properties of corestriction as well
as an explicit description of residue maps in this situation (see [5, Proposition 4.7 and Lemma 4.8]),
one shows that for any v ∈ V k \ S, the quaternion algebra ∆ is unramified at v and also that
(16) v(r), v(s) ≡ 0 (mod 2).
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The finiteness of 2Br(K)V then follows. Indeed, as we saw in Example 4.1(b), the unramified Brauer
group 2Br(k)V k\S is finite, and hence there are only finitely many possibilities for [∆]. On the other
hand, it is a well-known consequence of the finiteness of the class number and the fact that the group
of units is finitely generated that the image under the canonical map k× → k×/(k×)2 of the set
P (k, S) = {x ∈ k× | v(x) ≡ 0(mod 2) for all v ∈ V k \ S}
is finite, which yields the finiteness of the bi-quaternionic part. 
We will now sketch a cohomological proof of (16), which is similar to an argument used in the
standard proof of the Weak Mordell-Weil Theorem (see, e.g. [46, Ch. VIII, §2]). First, we recall the
following definition. Let v ∈ V k \ V k∞. We say that x ∈ H1(k,E[2]) is unramified at v if
x ∈ ker(H1(k,E[2]) resv−→ H1(kurv , E[2])),
where kurv is the maximal unramified extension of the completion kv and resv is the usual restriction
map. Furthermore, given a set U ⊂ V k \ V k∞, we define the corresponding unramified cohomology
group by
H1(k,E[2])U =
⋂
v∈U
ker(H1(k,E[2])
resv−→ H1(kurv , E[2])).
Now, one shows that if x ∈ I lies in 2Br(K)V , then
σ−1(ω(x)) ⊂ H1(k,E[2])V k\S ,
where σ : H1(k,E[2]) → 2H(k,E) is the map appearing in (14). On the other hand, it is well-known
that in the canonical isomorphism
(17) H1(kurv ,Z/2Z) ≃ (kurv )×/(kurv )×2,
a coset a(kurv )
×2 ∈ (kurv )×/(kurv )×2 corresponds to the character
χa : Gal((k
ur
v )
sep/kurv )→ Z/2Z
with kernel kerχa = Gal((k
ur
v )
sep/kurv (
√
a)) (see, e.g., [21, Proposition 4.3.6 and Corollary 4.3.9]). It
follows that if a(kurv )
×2 corresponds to a cohomology class that is unramified at v, then
√
a ∈ kurv ,
and consequently v(a) ≡ 0(mod 2) (see [28, Proposition 1.3]). In particular, this, together with the
description of the geometric Brauer group given above, shows that if[(
r , x− b
K
)
⊗K
(
s , x− c
K
)]
∈ I
is unramified at a place w(v) ∈ V1, then (16) holds.
We would also like to observe that the proof sketched above not only gives the finiteness of 2Br(K)V ,
but in fact also yields an explicit upper bound on the size of the unramified Brauer group. More
precisely, we have
Theorem 4.6. For any finite set S as above, the unramified Brauer group 2Br(K)V is finite of order
dividing
2|S|−t · |2ClS(k)|2 · |US(k)/US(k)2|2,
where t = c+1 and c is the number of complex places of k, and ClS(k) and US(k) are the class group
and the group of units of the ring of S-integers Ok(S), respectively.
Example 4.7. Consider the elliptic curve E over Q given by y2 = x3 − x. We have δ = 4, so
S = {∞, 2}. Furthermore,
|S| − t = 1, ClS(Q) = 1 and US(Q) = {±1} × Z.
So, by Theorem 4.6 and (10) we have |gen(D)| 6 2 · 42 = 32 for any quaternion division algebra D
over K = Q(E).
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5. Some other notions of the genus
In this section, we would like to mention several variants of the notion of the genus of a division
algebra that come up quite naturally and have proven to be useful.
First, we have the local genus, which already appeared implicitly in the proof of Lemma 4.2. Let K
be a field and V a set of discrete valuations of K. For a central division algebra D of degree n over K,
we define the local genus genV (D) of D with respect to V as the collection of classes [D
′] ∈ Br(K),
with D′ a central division algebra of degree n over K, such that for every v ∈ V the following holds:
if we write
D ⊗K Kv =Mℓ(D) and D′ ⊗K Kv =Mℓ′(D′),
where D and D′ are central division algebras over the completion Kv, then ℓ = ℓ′ and D and D′ have
the same maximal separable subfields. Now, Lemma 2.3 of [40] (see also [20, Lemma 3.1]) shows that
for any set V of discrete valuations of K, we have
gen(D) ⊂ genV (D).
Next, suppose that V is a set of discrete valuations satisfying condition (I) and (II) introduced in §4
for some integer n > 1. Then the argument that we sketched in §4 shows that if n is prime to charK
and the unramified Brauer group nBr(K)V is finite, then genV (D) is finite for any central division
algebra D of degree n over K. Indeed, the proof of Lemma 4.2 yields the fact that the characters
χv = ρv([D]) and χ
′
v = ρv([D
′]) for v ∈ V have the same kernel assuming only that [D′] ∈ genV (D).
This remark eventually leads to the bound (10), with genV (D) in place of gen(D).
Next, as we already mentioned in Remark 3.7(b), D. Krashen and K. McKinnie [27] have studied
division algebras having the same finite-dimensional splitting fields. For this purpose, given a finite-
dimensional central division algebra D over a field K, one defines gen′(D) as the collection of classes
[D′] ∈ Br(K) with the property that a finite field extension L/K splits D if and only if it splits D′
(the notation in [27] is slightly different). Note that we clearly have
gen′(D) ⊂ gen(D).
The main result of [27] is that if p is a prime different from char K and
|gen′(∆)| <∞
for all [∆] ∈ pBr(K), then
|gen′(D)| <∞
for all [D] ∈ pBr(K(t)) (a similar result for gen(D) was obtained in [5], but technically neither result
is a consequence of the other).
The third notion that we would like to discuss briefly is the so-called one-sided (or asymmetric)
genus that was introduced in [26]. Following [26], given two central division algebras D and D′ of the
same degree over a field K, we will write
D ≤ D′
if any maximal subfield P/K of D admits a K-embedding P →֒ D′. For a division algebra D of degree
n over K, we define the one-sided genus gen1(D) to be the collection of classes [D′] ∈ Br(K), where
D′ is a central division algebra of degree n such that D ≤ D′.We refer the reader to [26] for a detailed
treatment of this notion, and only highlight here the difference in the ramification properties arising
in the analysis of the two-sided and one-sided versions of the genus.
By Lemma 4.2, if [D′] ∈ gen(D), then for a discrete valuation v of K, the algebra D ramifies at
v if and only if D′ does (assuming that the residue map ρv is defined). For the one-sided genus, the
situation is more complicated. If K is a number field, then, as noted prior to sketching the proof of
Proposition 3.1, the relation D ≤ D′ implies R(D′) ⊂ R(D) for the corresponding sets of ramification
places. On the other hand, let K = R((x)) with the standard discrete valuation v, and consider the
quaternion division K-algebras
D1 =
(−1,−1
K
)
, D2 =
(−1, x
K
)
.
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Then D1 is unramified at v with residue algebra isomorphic to the usual algebra of Hamiltonian
quaternions H over R, while D2 is ramified at v. Note that any quadratic subfield L of D1 must
be unramified, and since the residue field Kv = R has C as its only nontrivial finite extension, we
conclude that L is isomorphic to K(i) = C((x)) (where i2 = −1). Since C((x)) is contained in D2,
we see that any maximal subfield of D1 can be embedded into D2. This means that D1 ≤ D2, hence
[D2] ∈ gen1(D1). Nevertheless, D1 is unramified at v while D2 is ramified.
The results of [26] show that this construction provides essentially the main instance where such
ramification behavior appears. To give precise statements, we need to introduce some terminology
and fix notations. In [26], a finite-dimensional central division algebra D over a field K is called varied
if there is no nontrivial cyclic extension P/K contained isomorphically in every maximal subfield of D
(note that it suffices to check this property for P/K of prime degree). For example, it is known that
if K is a field that is finitely generated over a global field, then any central division algebra D over K
is varied (see [26, Theorem 1]). For a central division algebra D over a field K that is complete with
respect to a discrete valuation, we will denote by D the residue algebra and by ED the center of D;
we will also set ED to be the unique unramified subfield of D with residue field ED (in [26], the latter
is referred to as the ramification field of D).
Proposition 5.1. ([26], Proposition 4) Let K be a field that is complete with respect to a discrete
valuation v, and D, D′ be central division algebras over K of the same degree such that D ≤ D′. If
D/ED is varied, then ED = ED′ .
To relate this result to the above discussion of ramification, suppose that there exists a residue map
ρv : nBr(K)→ Hom(G(v),Z/nZ),
where n = deg D. As we mentioned earlier, it is well-known that if χv = ρv([D]), then ED is precisely
the subfield of the separable closure of Kv corresponding to kerχv. Thus, Proposition 5.1 asserts that
under the assumption that D/ED is varied, the conclusion of Lemma 4.2 holds already if D ≤ D′, and
in particular D and D′ are simultaneously either ramified or unramified at v. Of course, the above
example of quaternion algebras over K = R((x)) shows that this assumption cannot be omitted —
notice that ED1 = R((x)) while ED2 = C((x)). On the other hand, it turns out that all situations
where a division algebra is not varied are in some sense of this nature.
Proposition 5.2. ([26], §3)
(a) Suppose D is a finite-dimensional central division algebra over a field K that is not varied. Then
K is a Pythagorean field and
D =
(−1,−1
K
)
⊗K D′
for some finite-dimensional central division K-algebra D′.
(b) Suppose K is a field that is complete with respect to a discrete valuation and let D, D′ be central
division algebras over K of the same degree such that D ≤ D′. Then EDED′ ⊆ ED(
√−1). If
ED ( ED′ = ED(
√−1), then the degree [ED : K] is odd and K = F ((x)) for a Pythagorean
field F .
(Recall that a field F is said to be Pythagorean if every sum of two squares in F is a square.)
6. The genus of an algebraic group
We would like to conclude this article with a brief overview of ongoing work whose goal is to extend
the techniques and results developed in the context of division algebras (which we have outlined in
§§3-5) to absolutely almost simple algebraic groups of all types. In this case, the notion of division
algebras having the same maximal subfields is replaced with the notion of algebraic groups having
the same maximal tori. More precisely, let G1 and G2 be absolutely almost simple algebraic groups
defined over a field K. We say that G1 and G2 have the same K-isomorphism (resp., K-isogeny)
classes of maximal K-tori if every maximal K-torus T1 of G1 is K-isomorphic (resp., K-isogenous)
to some maximal K-torus T2 of G2, and vice versa. Furthermore, let G be an algebraic K-group and
Ksep a separable closure of K. We recall that an algebraic K-group G′ is called a K-form (or, more
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precisely, a Ksep/K-form) of G if G and G′ become isomorphic over Ksep (see, e.g., [44, Ch. III, §1]
or [35, Ch. II, §2]). For example, for any central division algebra D of degree n over K, there exists
a Ksep-isomorphism D ⊗K Ksep ≃ Mn(Ksep), which means that the algebraic K-group G = SL1,D
associated with the group of elements in D having reduced norm 1 is a K-form of SLn.
Definition 6.1. Let G be an absolutely almost simple algebraic group over a field K. The (K-)genus
genK(G) (or simply gen(G) if there is no risk for confusion) of G is the set of K-isomorphism classes
of K-forms G′ of G that have the same K-isomorphism classes of maximal K-tori as G.
We should point out that for a finite-dimensional central division K-algebra D, only maximal
separable subfields of D give rise to maximal K-tori of the corresponding group G = SL1,D. So, in
hindsight, to make the definition of gen(D) consistent with that of gen(G), one should probably
reformulate the former in terms of maximal separable subfields. This change would not affect the
results that were discussed in §§3-4 as these dealt with the case where the degree of the algebra is
prime to char K, but its potential impact on the general case has not yet been investigated. We
also observe that while we will be interested primarily in simple algebraic groups with the same
isomorphism classes of maximal tori, the analysis of weakly commensurable Zariski-dense subgroups,
which is related to geometric applications (see [36]), sometimes requires one to consider simple groups
with the same isogeny classes of maximal tori.
As in the case of division algebras, the focus of our current work is on the following two questions:
Question 1′. When does genK(G) reduce to a single element?
(This means that among K-groups of the same type, G is defined up to K-isomorphism by the
isomorphism classes of its maximal K-tori.)
Question 2′. When is genK(G) finite?
At this point, only the case of absolutely almost simple algebraic groups over number fields has
been considered in full.
Theorem 6.2. (cf. [36, Theorem 7.5]) (1) Let G1 and G2 be connected absolutely almost simple
algebraic groups defined over a number field K, and let Li be the smallest Galois extension of K over
which Gi becomes an inner form of a split group. If G1 and G2 have the same K-isogeny classes of
maximal K-tori then either G1 and G2 are of the same Killing-Cartan type, or one of them is of type
Bn and the other is of type Cn (n ≥ 3), and moreover, L1 = L2.
(2) Fix an absolutely almost simple K-group G. Then the set of isomorphism classes of all absolutely
almost simple K-groups G′ having the same K-isogeny classes of maximal K-tori as G, is finite.
(3) Fix an absolutely almost simple simply connected K-group G whose Killing-Cartan type is different
from An, D2n+1 (n > 1) or E6. Then any K-form G
′ of G (in other words, any absolutely almost
simple simply connected K-group G′ of the same type as G) that has the same K-isogeny classes
of maximal K-tori as G, is isomorphic to G.
Regarding the types excluded in (3), the construction in [36, §9] shows that they are honest excep-
tions, i.e., for each of those types one can construct non-isomorphic absolutely almost simple simply
connected K-groups G1 and G2 of this type over a number field K that have the same isomorphism
classes of maximal K-tori. The case where G1 and G2 are of types Bn and Cn, respectively, has been
analyzed fully in [19].
We now observe that the investigation of gen(G) presents additional challenges even for groups of
the form G = SLm,D, where D is a central division algebra of degree n (we recall that G is a simply
connected inner form of type Aℓ with ℓ = mn− 1, and that all inner forms of this type are obtained
in this fashion — see [35, Proposition 2.17]). The reason is that while every maximal K-torus of such
a group G is a norm one torus
R
(1)
E/K(Gm) = RE/K(Gm) ∩G
for some e´tale subalgebra E of Mm(D), where Gm denotes the 1-dimensional split torus and RE/K
the functor of restriction of scalars, the fact that two such tori R
(1)
E1/K
(Gm) and R
(1)
E2/K
(Gm) are K-
isomorphic as algebraic groups does not in general imply that the algebras E1 and E2 are isomorphic,
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even when these algebras are field extensions of K. This makes it rather difficult to relate gen(G) and
gen(D) and apply the results of §§3-4 directly. Nevertheless, with some extra work, one can prove
the following theorem, which parallels Theorems 3.3 and 3.6 for division algebras.
Theorem 6.3. (cf. [5, Theorem 5.3]) (a) Let D be a central division algebra of exponent 2 over
K = k(x1, . . . , xr), where k is either a number field or a finite field of characteristic 6= 2. Then for
any m ≥ 1, the genus of G = SLm,D reduces to a single element.
(b) Let G be an absolutely almost simple simply connected algebraic group of inner type Aℓ over a
finitely generated field K whose characteristic is either zero or does not divide ℓ+1. Then gen(G)
is finite.
The additional input that is needed to prove Theorem 6.3 are so-called generic tori. Since these
are becoming increasingly useful in a variety of contexts, we will quickly recall here some relevant
definitions and results.
Let G be a semisimple algebraic group over a field K. Fix a maximal K-torus T of G and let
Φ = Φ(G,T ) denote the corresponding root system. Furthermore, let KT be the minimal splitting
field of T and ΘT = Gal(KT /K) be its Galois group. Then the natural action of ΘT on the character
group X(T ) gives rise to an injective group homomorphism
θT : ΘT → Aut(Φ),
and we say that T is generic over K if the image of θT contains the Weyl group W (Φ) = W (G,T ).
For example, for G = SLm,D as above, a maximal K-torus T = R
(1)
E/K(Gm) is generic if and only if E
is a (separable) field extension of K of degree mn and the Galois group of its normal closure is the
symmetric group Smn.
The following result shows that when K is finitely generated, one can always find a generic K-torus
with prescribed local properties.
Proposition 6.4. (cf. [37, Corollary 3.2]) Let G be an absolutely almost simple algebraic group over
a finitely generated field K. Given a discrete valuation v of K and a maximal Kv-torus Tv of G, there
exists a maximal K-torus T of G which is generic over K and is conjugate to Tv by an element of
G(Kv).
The second result that we would like to mention is a rigidity property for isomorphisms between
generic tori. More precisely, let G1 and G2 be two simply connected inner K-forms of type Aℓ, and
let Ti be a generic maximal K-torus of Gi for i = 1, 2. Then any K-isomorphism ϕ : T1 → T2 extends
to a Ksep-isomorphism ϕ˜ : G1 → G2. (This is a consequence of so-called Isogeny Theorem, see [36,
Theorem 4.2 and Remark 4.4] and [38, Theorem 9.8].) It follows that for generic Ti = R
(1)
Ei/K
(Gm) as
above, the existence of a K-isomorphism of tori T1 → T2 does imply the existence of a K-isomorphism
of algebras E1 → E2. We are now in a position to present
Sketch of the proof of Theorem 6.3. Assume that K is a finitely generated field and let G′ ∈ genK(G).
One first shows that G′ is an inner form over K, and in fact G′ = SLm,D′ for a central division
K-algebra D′ of degree n. Using the results on generic tori outlined above, one proves that for any
discrete valuation v of K, the algebras D⊗K Kv and D′⊗K Kv have the same isomorphism classes of
maximal e´tale subalgebras. This means that for any set V of discrete valuations of K, the class [D′]
lies in the local genus genV (D). On the other hand, according to Theorem 4.3, for a finitely generated
K of characteristic prime to n, there exists a set V of discrete valuations of K satisfying conditions
(I) and (II) and such that nBr(K)V is finite. As we pointed out in §5, this yields the finiteness of the
local genus genV (D), which completes the proof of part (b) of Theorem 6.3. To prove part (a), we
write K = ℓ(x1) where ℓ = k(x2, . . . , xr), and let V be the set of discrete valuations of K that are
trivial on ℓ. Then as in the proof of Theorem 3.3, the fact that [D′] ∈ genV (D) in conjunction with
Faddeev’s sequence implies that
[D] = [D′][∆ ⊗ℓ K] in Br(K)
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for some central division algebra ∆ over ℓ. Finally, to prove that ∆ is trivial, we pick a place v0 ∈ V
of degree one so that both D and D′ are unramified at v0, and write
D ⊗K Kv0 =Ms(D) and D′ ⊗K Kv0 =Ms′(D′),
with D,D′ central divisionKv0-algebras. Then s = s′ and D and D′ have the same maximal (separable)
subfields. It follows that the residue algebras D and D′ are central division ℓ-algebras having the same
maximal subfields. Since D has exponent 2, by Theorem 3.3 it has trivial genus. It follows that
[D] = [D′], and hence [∆] is trivial. Thus, D ≃ D′, and consequently G ≃ G′. 
Remark 6.5. The nature of the argument that we have just sketched suggests that it makes sense
to consider an alternative definition of genK(G) over a finitely generated field K given in terms of
generic maximal K-tori.
Building on the finiteness result for the genus of an inner form of type Aℓ over a finitely generated
field (Theorem 6.3(b)), it is natural to propose the following.
Conjecture 6.6. Let G be an absolutely almost simple simply connected algebraic group over a finitely
generated field K of characteristic 0 or of good3characteristic relative to G. Then genK(G) is finite.
The proof of Theorem 6.3 indicates that to approach this conjecture, one needs to extend the
techniques based on ramification and the analysis of unramified division algebras to absolutely almost
simple groups of all types. An adequate replacement of the notion of an unramified central division
algebra is the notion of a group with good reduction. Suppose that G is an absolutely almost simple
algebraic group over a field K. One says that G has good reduction at a discrete valuation v of K if
there exists a reductive group scheme4G over the valuation ring Ov ⊂ Kv whose generic fiber G⊗OvKv
is isomorphic to G ⊗K Kv. We then let G(v) denote the reduction G ⊗Ov Kv. The following result
extends Lemma 4.2 to simple algebraic groups of all types.
Theorem 6.7. ([7]) Let G be an absolutely almost simple simply connected group over a field K, and
let v be a discrete valuation of K. Assume that the residue field Kv is finitely generated and that G
has good reduction at v. Then any G′ ∈ genK(G) also has good reduction at v. Furthermore, the
reduction G′
(v)
lies in the genus genKv(G
(v)).
(We should point out that the proof of this result again makes use of generic tori.)
Assume now that the field K is equipped with a set V of discrete valuations that satisfies the
following two conditions:
(I) for any a ∈ K×, the set V (a) := {v ∈ V | v(a) 6= 0} is finite;
(III) for any v ∈ V , the residue field Kv is finitely generated.
Corollary 6.8. If K and V satisfy conditions (I) and (III), then for any absolutely almost simple
simply connected algebraic K-group G, there exists a finite subset V0 ⊂ V (depending on G) such that
every G′ ∈ genK(G) has good reduction at all v ∈ V \ V0.
It follows from Corollary 6.8 that in order to prove Conjecture 6.6, it would suffice to show that every
finitely generated field K can be equipped with a set V of discrete valuations satisfying conditions (I)
and (III) and having the following property:
(Φ) For any absolutely almost simple algebraic K-group G such that char K is good for G and
any finite subset V0 ⊂ V , the set of K-isomorphism classes of (inner) K-forms G′ having good
reduction at all v ∈ V \ V0, is finite.
3For each type, the following characteristics are defined to be bad: type Aℓ - all primes dividing (ℓ+1), and also p = 2
for outer forms; types Bℓ, Cℓ, Dℓ - p = 2, and also p = 3 for
3,6
D4; for type E6 - p = 2, 3, 5; for types E7, E8 - p = 2, 3, 5, 7;
for types F4, G2 - p = 2, 3. All other characteristics for a given type are good.
4Let R be a commutative ring and S = Spec R. Recall that a reductive R-group scheme is a smooth affine group
scheme G → S such that the geometric fibers Gs are connected reductive algebraic groups (see [14, Exp. XIX, Definition
2.7] or [12, Definition 3.1.1]).
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(Obviously, in this formulation one can assume G to be quasi-split over K.) One expects that divisorial
sets of valuations that appeared in the discussion of Theorem 4.3 (i.e. valuations of K arising from
the prime divisors on an appropriate arithmetic scheme X with function field K) will also work for
general algebraic groups.
Conjecture 6.9. Any divisorial set V of discrete valuations of a finitely generated field K satisfies
property (Φ).
Over a number field K, the assertion of Conjecture 6.9 is an easy consequence of the finiteness
results for Galois cohomology — see [44, Ch. III, 4.6] since a semisimple group over a finite extension
of Qp that has good reduction is necessarily quasi-split (cf. [35, Theorem 6.7]). (Interestingly, there are
nonsplit groups over Q that have good reduction at all primes, see [22], [11], but there are no abelian
varieties over Q with smooth reduction everywhere [16].) Furthermore, the finiteness of nBr(K)V
implies Conjecture 6.9 for inner forms of type Aℓ. We also have the following conditional results for
spinor groups.
Let µ2 = {±1}. Then for any discrete valuation v of K such that char Kv 6= 2 and any i > 1, one
can define a residue map in Galois cohomology
ρiv : H
i(K,µ2)→ H i−1(Kv, µ2)
extending the map (6) introduced in §4, to all dimensions (see, e.g., [8, 3.3] or [21, 6.8] for the details).
Then for any set V of discrete valuations of K one defines the unramified part H i(K,µ2)V to be⋂
v∈V ker ρ
i
v (of course, H
2(K,µ2)V = 2Br(K)V ).
Theorem 6.10. ([7]) Let K and V be as in Conjecture 6.9. Assume that for any finite set V0 ⊂ V ,
the unramified cohomology groups H i(K,µ2)V \V0 are finite for all i ≥ 1. Then for any n ≥ 5 and
any finite subset V0 ⊂ V , the set of K-isomorphism classes of the spinor groups Spinn(q) having good
reduction at all v ∈ V \ V0, is finite.
It is important to point out that the range of potential consequences of Conjecture 6.9 goes beyond
the finiteness of the genus (Conjecture 6.6) and includes, for example, the Finiteness Conjecture for
weakly commensurable Zariski-dense subgroups (see [39, Conjecture 6.1]) as well the finiteness of the
Tate-Shafarevich set in certain situations. More precisely, let G be an absolutely almost simple simply
connected algebraic group over a field K of good characteristic, and let V be a divisorial set of discrete
valuations of K. Denote by
X(G) := ker
(
H1(K,G) −→
∏
v∈V
H1(Kv, G)
)
the Tate-Shafarevich set for the corresponding adjoint group G. We can pick a finite subset V0 ⊂ V so
that G has good reduction at all v ∈ V \V0. Suppose ξ ∈X(G) and let G′ = ξG be the corresponding
twisted group. By our assumption, G′ ≃ G over Kv for all v ∈ V , and consequently G′ has smooth
reduction at all v ∈ V \ V0. Now, assuming Conjecture 6.9, we can conclude that the groups groups
ξG for ξ ∈ X(G) form finitely many K-isomorphism classes; in other words, the image of X(G)
under the canonical map H1(K,G)
λ−→ H1(K,Aut G) is finite. But since G ≃ IntG has finite index
in AutG, the map λ has finite fibers, which would give the finiteness of X(G).
We note that Theorem 6.7 can be used not only to investigate the finiteness of the genus, but also
to prove that in some situations the genus is trivial. For example, we have the following.
Theorem 6.11. ([7]) Let G be a simple group of type G2 over a field of rational functions K = k(x),
where k is a global field of characteristic 6= 2. Then genK(G) consists of a single element.
We also note the following stability statement.
Theorem 6.12. ([7]) Let G be an absolutely almost simple simply connected algebraic group over a
finitely generated field k of characteristic zero. Then for the field k(x) of rational functions, every
G′ ∈ genk(x)(G ⊗k k(x)) is of the form H ⊗k k(x) with H ∈ genk(G).
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Combining this theorem with Theorem 6.2, we conclude that if G is an absolutely almost simple
simply connected algebraic group of type different from Aℓ (ℓ > 1), D2ℓ+1 (ℓ > 1) and E6 over a
number field k, then genk(x)(G⊗k k(x)) consists of a single element.
We began the article by mentioning the result of Amitsur [2] on finite-dimensional central division
algebras having the same splitting fields and explaining the additional features one encounters if one
consider only finite-dimensional splitting fields or just maximal subfields; this eventually led to our
definition of the genus of a division algebra and, later, of a simple algebraic group. Now, we would
like to conclude with a different notion of the genus, which is also based on the consideration of
maximal e´tale subalgebras or maximal tori, but at the same time incorporates the availability of
infinite-dimensional splitting fields, which was the key in Amitsur’s theorem. This (more functorial)
notion was proposed by A.S. Merkurjev. One defines the motivic genus genm(G) of an absolutely
almost simple algebraic K-group G as the set of K-isomorphism classes of K-forms G′ of G that have
the same isomorphism classes of maximal tori not only over K but also over any field extension F/K.
Then Amitsur’s theorem implies that for G = SL1,D, the motivic genus is always finite, and reduces
to one element for D of exponent two. Furthermore, according to a result of Izhboldin [23], given
nondegenerate quadratic forms q and q′ of odd dimension n over a field K of characteristic 6= 2 the
following condition
(⋆) q and q′ have the same Witt index over any extension F/K,
implies that q and q′ are scalar multiples of each other (this conclusion being false for even-dimensional
forms). It follows that for G = Spinn(q), with n odd, |genm(G)| = 1. We note that condition (⋆) is
equivalent to the fact that the motives of q and q′ in the category of Chow motives are isomorphic
(Vishik [49], and also Vishik [50, Theorem 4.18], Karpenko [25]), which motivated the choice of
terminology for this version of the genus. Other groups have not yet been investigated.
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